In this paper the design of thermoacoustic refrigerators, using the linear thermoacoustic theory, is described. Due to the large number of parameters, a choice of some parameters along with dimensionless independent variables will be introduced. The design strategy described in this paper is a guide for the design and development of thermoacoustic coolers. The optimization of the different parts of the refrigerator will be discussed, and criteria will be given to obtain an optimal system. Ó
Introduction
The theory of thermoacoustics is well established, but quantitative engineering approach to design thermoacoustic refrigerators is still lacking in the literature. Thermoacoustic refrigerators are systems which use sound to generate cooling power. They consist mainly of a loudspeaker attached to an acoustic resonator (tube) filled with a gas. In the resonator, a stack consisting of a number of parallel plates and two heat exchangers, are installed, as shown in Fig. 1 . The loudspeaker sustains an acoustic standing wave in the gas at the fundamental resonance frequency of the resonator. The acoustic standing wave displaces the gas in the channels of the stack while compressing and expanding. The thermal interaction between the oscillating gas and the surface of the stack generates an acoustic heat pumping. The heat exchangers exchange heat with the surroundings, at the cold and hot sides of the stack. A detailed explanation of the way thermoacoustic coolers work is given by Swift [1] and Wheatly et al. [2] . In this paper the design and development procedure of a thermoacoustic refrigerator is reported. The thermoacoustic refrigerator, constructed on basis of the design procedure given in this paper, has operated properly and it has reached a low temperature of À65°C. The measurement results can be found elsewhere [3, 4] .
Design strategy
We start by considering the design and optimization of the stack which forms the heart of the cooler. The coefficient of performance of the stack, defined as the ratio of the heat pumped by the stack to the acoustic power used by the stack, is to be maximized. The exact theoretical expressions of the acoustic power and cooling power in the stack are complicated, so one can try to use the simplified expressions deduced from the short stack, and boundary-layer approximations [1, 3] . These expressions still look complicated and they contain a large number of parameters of the working gas, material and geometrical parameters of the stack. It is difficult to deal in engineering with so many parameters. However, one can reduce the number of parameters by choosing a group of dimensionless independent variables. Olson and Swift [5] wrote a paper about similitude and dimensionless parameters for thermoacoustic devices. Some dimensionless parameters can be deduced directly. Others can be defined from the boundary-layer and short-stack assumptions [1, 3] . The parameters, of importance in thermoacoustics, which are contained in the work flow and heat flow expressions are given in Table 1 [3] .
The goal of the design of the thermoacoustic refrigerator is to meet the requirements of a given cooling power _ Q Q c and a given low temperature T C . This requirement can be added to the operation parameters shown in Table 1 . The boundary-layer and short-stack approximations assume the following [1, 3] :
• The reduced acoustic wavelength is larger than the stack length: k=2p ) L s ; so that the pressure and velocity can be considered as constant over the stack and that the acoustic field is not significantly disturbed by the presence of the stack.
• The thermal and viscous penetration depths are smaller than the spacing in the stack:
This assumption leads to the simplification of Rott's functions, where the complex hyperbolic tangents can be set equal to one [1, 3] .
• The temperature difference is smaller than the average temperature: DT m ( T m , so that the thermophysical properties of the gas can be considered as constant within the stack.
The length and position of the stack can be normalized by k=2p. The thermal and viscous penetration depths can be normalized by the half spacing in the stack y 0 . The cold temperature or the temperature difference can be normalized by T m . Since d k and d m (see below) are related by the Prandtl number r, this will further simplify the number of parameters. Olson and Swift [5] proposed to normalize the acoustic power _ W W and the cooling power _ Q Q c by the product of the mean pressure p m ; the sound velocity a, and the cross-sectional area of the stack A: p m aA. The amplitude of the dynamic pressure can be normalized by the mean pressure. The ratio p 0 =p m is called the drive ratio D. In practice the stack material can be chosen so that the thermal conductive term in the heat flow expression can be neglected [1] . In this case the parameters of the stack material do not have to be considered in the performance calculations. The porosity of the stack, sometimes called blockage ratio and defined as
is also used as a dimensionless parameter for the geometry of the stack. The thermal and viscous penetration depths are given by
and
where K is the thermal conductivity, l is the viscosity, q is the density, c p is the isobaric specific heat of the gas, and x is the angular frequency of the sound wave. The resultant normalized parameters are given an extra index n and are shown in Table 2 . The number of parameters can once more be reduced, by making a choice of some operation parameters, and the working gas.
Design choices
For this investigation we choose to design a refrigerator for a temperature difference of DT m ¼ 75 K and a cooling power of 4 W. In the following, we will discuss Fig. 1 . A simple illustration of a thermoacoustic refrigerator. An acoustically resonant tube containing a gas, a stack of parallel plates and two heat exchangers. A loudspeaker is attached to one end of the tube and the other end is closed. Heat _ Q Q is pumped up the stack so that the cold heat exchanger becomes colder and the hot heat exchanger hotter. Table 2 Normalized operation-, working gas-, and stack parameters
Operation parameters
Drive ratio:
Gas parameters
Prandtl number: r Normalized thermal penetration depth:
Stack geometry parameters Normalized stack length: L sn ¼ kL s Normalized stack position: x n ¼ kx Blockage ratio or porosity: B ¼ y 0 =ðy 0 þ lÞ the selection of some operation parameters, the gas and stack material.
Average pressure
Since the power density in a thermoacoustic device is proportional to the average pressure p m [1] , it is favorable to choose p m as large as possible. This is determined by the mechanical strength of the resonator. On the other hand, d k is inversely proportional to square root of p m , so a high pressure results in a small d k and a small stack plate spacing. This makes the construction difficult. Taking into account these effects and also making the preliminary choice for helium as the working gas (see below), the maximal pressure is 12 bar. We choose to use 10 bar. To minimize the heat conduction from the hot side of the stack to the cold side, we used a holder made of a material with low thermal conductivity (e.g. POM-Ertacetal).
Frequency
As the power density in the thermoacoustic devices is a linear function of the acoustic resonance frequency [1] an obvious choice is thus a high resonance frequency. On the other hand d k is inversely proportional to the square root of the frequency which again implies a stack with very small plate spacing. Making a compromise between these two effects and the fact that the driver resonance has to be matched to the resonator resonance for high efficiency of the driver, we choose to use a frequency of 400 Hz.
Dynamic pressure
The dynamic pressure amplitude p 0 is limited by two factors namely, the maximum force of the driver and non-linearities. The acoustic Mach number, defined as
has to be limited to M % 0:1 for gases in order to avoid nonlinear effects [1] . From many experimental studies on the structure of turbulent oscillatory flows, it has unanimously been observed that transition to turbulence in the boundary layer took place at a Reynolds number (R y ) based on Stokes boundary-layer thickness, of about 500-550, independent of the particular flow geometry (pipe, channel, oscillating plate) [6] [7] [8] [9] . Since we intend to design a refrigerator with moderate cooling power we will use driving ratios D < 3%, so that M < 0:1 and R y < 500:
Working gas
Helium is used as working gas. The reason for this choice is that helium has the highest sound velocity and thermal conductivity of all inert gases. Furthermore, helium is cheap in comparison with the other noble gases. A high thermal conductivity is wise since d k is proportional to the square root of the thermal conductivity coefficient K. The effect of using other gases is discussed elsewhere [10] .
Stack material
The heat conduction through the stack material and gas in the stack region has a negative effect on the performance of the refrigerator [1, 3] . The stack material must have a low thermal conductivity K s and a heat capacity c s larger than the heat capacity of the working gas, in order that the temperature of the stack plates is steady. The material Mylar is chosen, as it has a low heat conductivity (0.16 W/m K) and is produced in many thicknesses between 10 and 500 lm.
Stack geometry
There are many geometries which the stack can have: parallel plates, circular pores, pin arrays, triangular pores, etc. The geometry of the stack is expressed in Rott's function f k . This function is given for some channel geometries in the literature [11] . It is shown that the cooling power is proportional to ImðÀf k Þ [11, 12] . Fig. 2 shows the real and imaginary parts of f k for some geometries as functions of the ratio the hydraulic radius r h and the thermal penetration depth. The hydraulic radius is defined as the ratio of the cross-sectional area and the perimeter of the channel. Pin arrays stacks are the best, but they are too difficult to manufacture. Hence, we choose to use a stack made of parallel-plates. We note that for parallel-plate stack r h ¼ y 0 :
The selection of a frequency of 400 Hz, an average pressure of 10 bar, and helium as working gas, determines the thermal and viscous penetration depths. Using Eqs. (2) and (3) we have for our system d k ¼ 0:1 mm and d m ¼ 0:08 mm. As can be seen from Fig. 2 for a parallelplates stack ImðÀf k Þ has a maximum for r h =d k ¼ y 0 =d k ¼ 1:1. Since the spacing in the stack is 2y 0 , this means that the optimal spacing is 0.22 mm. Using an analogous analysis Arnott et al. [12] obtained an optimal spacing of about 0.26 mm. In order not to alter the acoustic field, it was stated to use a spacing of 2d k to 4d k [2] . We choose to use a spacing of about 0:3 mm. The experimental study of the effect of the pore dimensions in the stack on the performance of the refrigerator is reported elsewhere [13] .
The remaining stack geometrical parameters are the center stack position x s , the length of the stack L s ; and the cross-sectional area A. These parameters are determined from the performance optimization of the stack.
Design of the stack
We remain with three main stack design parameters: the center position x n , the length L sn ; and the cross-sectional area A. This area is equal to the resonator crosssection at the stack location. By using data for the gas parameters we first optimize the stack geometry parameters by optimizing the performance expressed in terms of the coefficient of performance (COP) which is the ratio of the heat pumped by the stack to the acoustic power used to accomplish the heat transfer [3] . This leads to the determination of x n and L sn : Then the required cooling power will be used to determine the cross-sectional area A. Once these parameters are determined we can design the resonator.
The dissipated acoustic power at the cold side of the resonator forms an extra heat load to the cold heat exchanger. This load, and the required cooling power, will form the total heat load that the cold heat exchanger has to transfer to the stack. The first law of thermodynamics states that the total heat load at the hot heat exchanger is the sum of the heat pumped by the stack and the acoustic power used by the stack to realize the heat transfer process [3] . The hot heat exchanger has to remove this heat from the hot side of the stack. The driver has to provide acoustic power for driving the thermoacoustic heat transport process and compensating for all viscous and thermal dissipation processes in the stack, heat exchangers, and at the resonator wall [3] . The design strategy is summarized in Fig. 3 . A detailed outline of the derivation of the expressions given in this paper can be found elsewhere [3] .
Using the dimensionless parameters, the ratio of the temperature gradient along the stack and the critical temperature gradient given by [1] C ¼ rT m rT c can be rewritten as
The stack perimeter, P, can be expressed as function of the cross-sectional area as
The expressions of the heat flow and acoustic power can be rewritten in a dimensionless form by using the dimensionless parameters, the gas data of Table 3 , and substitution of Eqs. (5) and (6) . The result is Fig. 3 . Illustration of the design procedure of the refrigerator. The stack parameters x sn and L sn are first determined by optimizing the COP. Then A is determined via the required cooling power. After that the resonator is designed, followed by the design of the heat exchangers. The driver has to provide the total needed acoustic power. Table 3 Data used in the performance calculations Operation parameters Gas parameters
where K is defined as
The thermal conductivity term in Eq. (7) has been neglected. The performance of the stack is expressed in terms of the coefficient of performance
Optimization of the stack
In the COP calculations, the data shown in Table 3 are used. Fig. 4 shows the performance calculations as a function of the normalized stack length L sn , for different normalized stack positions x n . The normalized position x n ¼ 0, corresponds to the driver position (pressure antinode). In all cases the COP shows a maximum. For each stack length there is an optimal stack position.
As the normalized length of the stack increases, the performance peak shifts to larger stack positions, while it decreases. This behavior is to be understood in the following way: A decrease of the center position of the stack means that the stack is placed close to the driver. This position is a pressure antinode and a velocity node. Eq. (8) shows that the viscous losses (second term on the right) are proportional to the square of the acoustic velocity. Thus decreasing the velocity will result in a decrease of the losses and hence a higher COP.
It is concluded that the maximum cooling power may be expected at a position roughly halfway between the pressure antinode and pressure node [3] . In Fig. 5 the COP peak, the cooling power, and the acoustic power, calculated at the peak position, are plotted as functions of the stack length. The cooling power and the acoustic power increase while the COP decreases as function of the stack length and thus as function of the normalized stack center position. As can be seen from Fig. 5 , for a normalized stack length above 0.35, the COP is smaller than one.
Considering the above remarks and for practical reasons, we have chosen for a normalized stack center position of x n ¼ 0:22 in our setup. To achieve optimum performance this requires a stack length of L sn ¼ 0:23 (Fig. 4) . Expressed in terms of the normal stack center position and length, we have x s ¼ 8 cm and L s ¼ 8:5 cm. This is equivalent to place the hot end of the stack at a distance of 3.75 cm from the driver. Under these conditions the dimensionless cooling power is Q cn ¼ 3:7 Â 10 À6 . Since the required cooling power is 4 W, Eq. (7) leads to a cross-sectional area A ¼ 12 cm 2 which is equivalent to a radius of r ¼ 1:9 cm for a cylindrical resonator. To pump 4 W of heat, the stack uses 3 W of acoustic power (COP ¼ 1:3).
Resonator
The resonator is designed in order that the length, weight, shape and the losses are optimal. The resonator has to be compact, light, and strong enough. The shape and length are determined by the resonance frequency and minimal losses at the wall of the resonator. The cross-sectional area A of the resonator at the stack location is determined in the preceding section. The acoustic resonator can have a k=2-or a k=4-length, as shown in Figs. 6(a) and (b) . The viscous and thermal relaxation dissipation losses take place in the penetration depths, along the surface of the resonator.
In the boundary-layer approximation, the acoustic power lost per unit surface area of the resonator is given by [1] 
where the first term on the right-hand side is the kinetic energy dissipated by viscous shear. The second term is the energy dissipated by thermal relaxation. Since the total dissipated energy is proportional to the wall surface area of the resonator, a k=4-resonator will dissipate only half the energy dissipated by a k=2-resonator.
Hence a k=4-resonator is preferable. Hofler [14] shows that the k=4-resonator can be further optimized by reducing the diameter of the resonator part on the right of the stack (Fig. 6(c) ). The way to do this is by minimizing Eq. (11) . As shown in Fig. 6(c) , two parts can be discerned, a large diameter tube (1) Hofler [14] and Garrett [15] used a metallic spherical bulb to terminate the resonator. The sphere had sufficient volume to simulate an open end. But at the open end, which is a velocity antinode, the velocity is maximum so that an abrupt transition from the small diameter tube to the bulb can generate turbulence and so losses occur. Taking into account this problem along with the requirement to keep the resonator compact we used a cone-shaped buffer volume to simulate the open end. The calculation optimization of the half-angle of the cone for minimal losses has been determined to be 9°. A gradual tapering is also used between the large diameter tube and small diameter tube. The final shape of our resonator is shown in Fig. 8 . Measurements of the standing wave acoustic pressure distribution inside the resonator show that the system is nearly a quarterwavelength resonator. So far we have determined the diameters of the large and small diameter tubes along with the length of the large diameter tube. The total length of the resonator is determined by the desired operation frequency of 400 Hz. By matching the pressure and volume velocity at the interface between the small diameter and large diameter tube one can deduce the resonance condition which can be used to control the length. By reference to Fig. 6(c) , the amplitudes of the dynamic pressure and gas velocity due to the standing wave in the large diameter tube (1) 
where the superscript (1) refers to the large diameter tube (1), and p ð1Þ 0 is the dynamic pressure amplitude at the driver location (antinode). Pressure and velocity in the small diameter tube (2) 
where L t is the total length of the resonator, and subscript (2) refers to the small diameter tube. At the interface between the two parts at x ¼ l; where l is the length of the large diameter tube (1), the pressure and the volume flow have to be continuous, this can be summarized by saying that the acoustic impedances have to match at the junction, thus 
into Eq. (16), one obtains the resonance condition
where L t À l is the length of the small diameter tube. Substitution of D 1 ; D 2 , l into Eq. (19) yields a total length of L t ¼ 37:5 cm, so that the length of the small diameter tube is 25 cm. In our calculations we did not take into account the presence of the stack, heat exchangers, tapering, and damping which influence the resonance frequency of the system and hence the length.
Straight tubes like that shown in Figs. 6(a) and (b) have resonance modes which are an integer number of the fundamental mode. Whenever nonlinear effects exist, higher harmonics may be generated which coincide with the resonance modes, and hence will be amplified. This means that energy transfer will take place from the fundamental operation mode to the higher oscillation modes. This loss mechanism is to be avoided in thermoacoustic devices. Eq. (19) shows that the resonance modes of the resonator having a non-uniform crosssection are not an integer number of the fundamental. In this way harmonics can be avoided. Hence, besides the benefit of reducing the losses, the optimized resonator shown in Fig. 8 has the advantage of having normal resonance modes which are not an integer number of the fundamental mode. Furthermore, Oberst [16] showed that, using resonators with a shape like that illustrated in Fig. 6(c) , can lead to extremely strong standing waves with relatively pure wave forms.
As can be seen from Fig. 8 , the large diameter resonator consists mainly of the stack and the two heat exchangers. Thus, the energy losses take place in these elements. The resonator losses are located at the small diameter tube. As can be seen from Fig. 7 the minimal power loss for D 1 =D 2 ¼ 0:54 is _ W W res ¼ 0:22 W. These losses are mainly caused by viscous losses. This energy loss shows up as heat at the cold heat exchanger (Fig. 1 ).
Heat exchangers
Heat exchangers are necessary to transfer the heat of the thermoacoustic cooling process. The design of the heat exchangers is a critical task in thermoacoustics. Little is known about heat transfer in oscillatory flow with zero mean velocity. The standard steady-flow design methodology for heat exchangers cannot be applied directly. Furthermore, an understanding of the complex flow patterns at the ends of the stack is also necessary for the design. Nowadays some research groups are using visualization techniques to study these flow patterns which are very complicated [17] . In the following, we will discuss some issues for the design of the heat exchangers.
Cold heat exchanger
The whole resonator part on the right of the stack in Fig. 8 , cools down so a cold heat exchanger is necessary for a good thermal contact between the cold side of the stack and the small tube resonator. An electrical heater is placed at the cold heat exchanger to measure cooling power. The length of the heat exchanger is determined by the distance over which heat is transferred by gas. The optimum length corresponds to the peak-to-peak displacement of the gas at the cold heat exchanger location. The displacement amplitude is given by
Substituting the data from Table 3 , and x ¼ l ¼ 12:5 cm, gives x 1 ¼ 1:47 mm. The optimum length of the cold heat exchanger is thus about 2x 1 ¼ 3 mm. To avoid as much as possible entrance problems of the gas when leaving the stack and entering the cold heat exchanger or vice versa (continuity of the volume velocity), the porosity of the cold heat exchanger must match the porosity of the stack. This implies that a blockage ratio of 0.75 has to be used in the design of the cold heat exchanger. Acoustic power is also dissipated in the cold heat exchanger. Eq. (8) can be used to estimate the dissipated power. Substituting the position of the cold heat exchanger x n ¼ 0:33; the length L sn ¼0.008 and C ¼ 0 (uniform mean temperature), yields that the cold heat exchanger will dissipate _ W W chx ¼ 0.2 W.
Hot heat exchanger
The hot heat exchanger is necessary to remove the heat pumped by the stack and to reject it to the circulating cooling water. As discussed in the precedent section, the optimal length of the heat exchanger is equal to the peak-to-peak displacement amplitude of the gas at the heat exchanger location. But since the hot heat exchanger has to reject nearly twice the heat supplied by the cold heat exchanger, the length of the hot heat exchanger should be twice that of the cold heat exchanger (6 mm). Substituting the position of the hot heat exchanger x n ¼ 0.10, the length L hn ¼ 0:016 and C ¼ 0 into Eq. (8), we obtain an estimation for the acoustic power dissipated in the hot heat exchanger which is _ W W hhx ¼ 0.33 W.
Acoustic driver
The driver has to provide the total acoustic power used by the stack to transfer heat and dissipated in the different parts, thus
Taking into account the power dissipated in the different parts, the performance of the system becomes
This value is lower than the performance of the stack alone 1.33. The optimization of the driver has been discussed elsewhere [3, 18] . A higher performance of the driver leads to a higher performance of the whole refrigerator system. Furthermore, a high performance of the driver means that the necessary acoustic power can be obtained without using high electrical currents which can damage the coil.
DeltaE
A check of the assumptions of the short stack and boundary layer approximation shows that the stack length L s ¼ 8:5 cm is a factor four smaller than k=2p ¼ 1=k ¼ 0:37 m, d k % y 0 ; and DT m ¼ 70 K is about a factor four smaller than the mean temperature T m ¼ 250 K. Regardless of the weakness of the second assumption, the results of the calculations done so far are good estimates for the optimization of the refrigerator. The computer program DeltaE [19] can be used to predict the performance of our refrigerator. DeltaE solves the exact thermoacoustic equations in a geometry given by the user, using the boundary conditions for the different variables. The refrigerator geometry shown in Fig. 8 is used and the results of calculations are given in Fig. 9 .
The calculations have been done using a drive ratio D ¼ 2%, a constant hot temperature T h ¼ 289 K, a frequency f ¼ 409 Hz, a stack length of 8.5 cm, and an average pressure p m ¼ 10 bar. Helium is used as working gas. Changing the distance between the stack and the driver changes the resonance frequency if the length of the small diameter tube is kept constant (Eq. (19) ). Therefore, we have allowed the length of the small diameter to change so that the resonance frequency is kept constant at 409 Hz. The calculated cold temperature T c and the performance relative to Carnot COPR as function of the heat load at the cold heat exchanger _ Q Q, and for different positions x h of the hot end of the stack from the driver end, are shown in Fig. 9 . The COPR increases as the distance increases, reaches a maximum at a distance of about 4.2 cm and then decreases. The optimum cooling power, corresponding to the heat load at the position of maximum COPR, increases as function of the position. The explanation of the behavior of COPR and _ Q Q is the same as that given in Section 5. The cold temperature at the cold heat exchanger is nearly a linear function of the heat load. The slope of the line decreases as the distance from the pressure antinode (driver) increases, so that the lowest temperature at _ Q Q ¼ 0, increases as the distance increases. This is a consequence of the decrease of the critical temperature gradient, as discussed in [3] . The maximum COPR for x h ¼ 4:2 cm, shows an optimum around _ Q Q ¼ 2:75 W at a cold temperature T c ¼ 229 K. The calculations show that the dissipated acoustic power in the cold heat exchanger and in the small diameter resonator is 0.65 W so that the total cooling power at the cold end is about 3.5 W. Based on the above calculations we choose to use a stack of length 8.5 cm placed at 4.2 cm from the driver. The construction of the thermoacoustic refrigerator will be described elsewhere.
Conclusion
The design procedure of a thermoacoustic refrigerator has been discussed. We began the design by using the approximate short-stack and boundary-layer expressions for acoustic power and heat flow. It was shown how the great number of parameters can be reduced using dimensionless parameters and making choices of some parameters. The optimization of the different parts of the thermoacoustic refrigerator has been discussed. The construction procedure of the cooler is described elsewhere [4] . 
